The often-studied problem known as Kramers' problem, in the general area of rarefied-gas dynamics, is investigated in terms of a linearized, variable collision frequency model of the Boltzmann equation. A convenient change of variables is used to reduce the general case considered to a canonical form that is well suited for analysis by analytical and/or numerical methods. While the general formulation developed is valid for an unspecified collision frequency, a recently developed version of the discrete-ordinates method is used to compute the viscous-slip coefficient and the velocity defect in the Knudsen layer for three specific cases: the classical BGK model, the Williams model (the collision frequency is proportional to the magnitude of the velocity) and the rigid-sphere model.
Introduction
It is generally considered by workers in the area of rarefied-gas dynamics/kinetic theory that Kramers' problem is the most basic way that we can see the effect of a wall or boundary on the flow of gas particles. For this problem a collection of gas particles (in a semi-infinite medium) flows past a fixed boundary (wall) in such a way that the z-component (parallel to the plane boundary) of the velocity is linear in the variable x that measures the distance from the wall. We consider that Kramers' problem is the simplest of a general class of problems in kinetic theory, but it is the problem most often investigated since we are able to see the effect of the wall on the flow (thus defining the Knudsen layer) without some of the additional complications that other more realistic problems, such as flow in a plane channel or cylindrical tube, would introduce.
Here, following the basic books of Cercignani [1, 2] and Williams [3] , we consider that the diffusion of gas particles as they flow past a flat plate can be described mathematically by the Boltzmann equation. For the general case the gas particles interact with each other according to some inter-atomic force laws, and these same particles interact with the wall according to specified reflection laws. So it is clear that, unless some special conditions are specified, the scattering term in the Boltzmann equation will depend on the particle distribution function in a nonlinear way. We note that Monte Carlo methods and computationally intensive iterative methods, for example, are ways of attempting to extract some physical information from the nonlinear Boltzmann equation. Another approach that can be used when the density of particles is small (rarefied-gas dynamics) is to replace the nonlinear Boltzmann equation by a so-called model equation. While the most widely used model equation is the BGK model introduced by Bhatnagar, Gross & Krook [4] , there has been also considerable interest [5] [6] [7] [8] [9] [10] in the variable collision frequency model of the Boltzmann equation since this model has been shown [8] better able to support some experimental observations.
In this work we make use of the transformations used by Busbridge [11] and Bednarz & Mika [12] to reformulate our basic problem in a form that we are well able to solve numerically in terms of a recently reported version [13] of the discrete-ordinates method [14] . We thus consider this work to be firstly a review of the use of the transformations used by Busbridge [11] and Bednarz & Mika [12] for a general version of Kramers' problem and secondly to be another implementation of our version [13] of the discreteordinates method. In this way we are able to obtain, in a concise and accurate way, numerical results for the viscous-slip coefficient and the velocity defect for three special cases relevant to the variable collision frequency model of the Boltzmann equation, viz. the classical BGK model, the Williams model (the collision frequency is proportional to the magnitude of the velocity) and the rigid-sphere model. Also since our discrete-ordinates method works well with general boundary conditions, we are able to evaluate the effects of specular reflection by the wall.
We choose to start our work with the developed formulation of the Kramers problem as given by Williams [3] . We therefore consider the defining balance equation to be
where
and
Here
In addition, c is used, with dimensionless units, to denote the magnitude of the particle velocity vector c, x (also in dimensionless units) is the spatial variable that measures the distance from the wall, V (c) is the collision frequency and µ is the cosine of the angle between the velocity vector and the (positive) x axis. For the Kramers problem it is assumed that the z-component (parallel to the plate) of the net velocity q z (x) is constant with respect to the spatial variable z. But at the same time q z (x) ∼ K 0 x as x → ∞, so, as discussed by Williams [3, 15] , there exists in Eq. (1) the inhomogeneous term given by Eq. (2) . In regard to the dependent variable g(x, c, µ) in Eq. (1), we note that Williams [3, 15] , in the process of linearizing the nonlinear Boltzmann equation, expressed the particle distribution function f(r, c) in the form
where f 0 (r, c) would be the distribution of gas particles were it not for the presence of the wall. Upon considering that our problem depends on only one spatial variable x, writing the velocity vector in polar coordinates c, cos −1 µ and φ and defining
Williams finds Eq. (1) and the boundary condition
for µ ∈ (0, 1] and all c. For the considered formulation, the wall reflects particles with a mixture, measured by the accommodation coefficient α, of diffuse and specular components; however, because of the azimuthal average used in Eq. (6), we see in Eq. (7) only the specular component.
Having defined the basic elements of the Kramers problem considered here, we intend to establish a solution (bounded as x tends to infinity) of Eq. (1) that satisfies the boundary condition given as Eq. (7). While we will define the complete solution g(x, c, µ), our numerical work is aimed at computing the velocity profile
that is the principal quantity of interest [3, 15] . We note that in formulating this version of the Kramers problem we have made much use of the notation and development given in Refs. [3] and [15] ; however, the papers of Cercignani [6] and Loyalka & Ferziger [7] are the ones we consider to be the defining works on this subject of the variable collision frequency model of the linearized Boltzmann equation. It therefore seems reasonable to refer to the general model equation used in this work as the CLF equation and to consider the BGK model, the Williams model and the rigid-sphere model as special cases that correspond to certain choices of the collision frequency V (c). While the basic elements of the solution developed are valid for a general collision frequency, the numerical work reported here is based on three special cases (the BGK model, the Williams model and the rigid-sphere model). And so to be very clear about the terminology we use, we note that we consider the classical BGK model to be defined by a constant collision frequency. For the Williams model the collision frequency is proportional to the magnitude of the velocity, and for the rigid-sphere model the collision frequency is (as will be seen) expressed in terms of the error function and other elementary functions.
A reformulation
To begin a transformation of the considered problem to form more convenient for analytical or numerical work, we first note that
is a particular solution of Eq. (1), and so we write
and the boundary condition
for µ ∈ (0, 1] and all c. Continuing, we let
to obtain
for µ ∈ (0, 1] and all c. We now let
and rewrite Eq. (14) as
At this point we consider the constant σ to be a scale factor that can be useful for normalizing the collision frequency V (c). Of course, τ now is our renormalized spatial variable, and
clearly depends only on the shape factor η(c). Finally, we follow the work of Busbridge [11] and Bednarz & Mika [12] and make use of the transformations
to rewrite Eq. (17), after an interchange of orders of integration, as
We now define
and write Eq. (20) as
It follows, since g(τ/σ, c, µ) must be bounded as τ tends to infinity, that we must seek a similarly bounded solution of Eq. (24) that also satisfies the boundary condition
Now, looking back to Eq. (8), we find we can express the desired velocity profile in terms of the solution to our 'G problem.' Thus
It is clear that the scale factor σ will have a fundamental effect on our reported numerical results, and, since there already exist many inconsistencies in the literature concerning the definition of an appropriate scale factor, we elect here to use one of Loyalka's choices [8] , and so we define
for all models we consider. To complete this section we let
and so the viscous slip coefficient defined by
is given as
In this work we compute the velocity profile q(x), but we will present this quantity more effectively by tabulating for various cases the viscous-slip coefficient ζ and the velocity defect
Three special cases
We intend to implement our solution numerically for three special cases, and so now we note the relevant forms of certain basic quantities we require. Our first special case is the classical BGK model for which we write η(c) = 1 and find, from Eqs. (21), (23), (28) and (29), γ = ∞ and σ = 1 along with
Continuing, we take our second special case to be the Williams model for which η(c) = c and for which we find, again from Eqs. (21), (23), (28) and (29), γ = 1,
Our third special case, the rigid-sphere model, is defined by
where erf(c) is the error function. Here we can easily show that γ = π −1/2 and from Eqs. 
However, in regard to Eqs. (23), (28) and (29) we have not found explicit results and so must use numerical methods to define Ψ (ξ) and ψ(ξ) and σ for this case. We have used the MAPLE V software to evaluate the integral in Eq. (29) numerically, and so in this way we found, for this case,
At this point we must consider Eq. (22) in order to define the required functions Ψ (ξ) and ψ(ξ). We let
and note that we can show, for the case considered, that f (c) > 0, for c > 0 and so the inverse function
exists, and thus we can write
which can be evaluated numerically once m(ξ) is available; in this work we use Newton's method to establish the required numerical values of m(ξ).
A discrete-ordinates solution
While the use of the terminology 'discrete ordinates' is not common in the area of rarefiedgas dynamics, it has been in use for many years in the field of radiative transfer. In fact, it seems the most credit for the introduction and development of this method in the general area of particle transport theory should go to Chandrasekhar [14] who in his fundamental work on radiative transfer did much to define the method as an effective computational tool. The method as used by Chandrasekhar had, however, one difficult computational aspect that kept the method from being used effectively past a certain order. This practical limitation is due to the fact that the required 'separation constants' are defined in terms of the zeros of a certain polynomial. Since Chandrasekhar's work [14] there have been, naturally, numerous improvements in the method, and it has been shown, see for example Ref. [16] , that under certain restrictions on the quadrature scheme, the discrete-ordinates method is equivalent to the spherical-harmonics method (often used in radiative transfer and neutron transport theory) and that the separation constants can be computed as the eigenvalues of a tridiagonal matrix -a much easier task than finding zeros of polynomials.
Here in this work we use what we consider to be a modern version [13] of the discreteordinates method that (i) does not depend on any special properties of the quadrature scheme and (ii) has the separation constants defined as the eigenvalues of a matrix with special properties (diagonal matrix plus a rank-one update) so that the basic eigenvalue computation is of a type generally considered even easier than the one for a tridiagonal matrix. We note that the variation of the discrete ordinates method used here has already been successfully used [17] [18] [19] [20] [21] in the area of radiative transfer to solve, for example, most of Chandrasekhar's basic problems (for very high-order anisotropic scattering and including all polarization effects), a non coherent scattering model (that also includes polarization effects), the classical searchlight problem and coupled radiation/conduction heat-transfer problems of engineering interest. In the field of kinetic theory the modeling process closest to the discrete-ordinates method we use is the discrete-velocity method [or Broadwell model] as discussed, for example, by Refs. [22] [23] [24] . As will be seen, however, the version of the discrete-ordinates method we develop here has some analytical aspects that make it, in our opinion, much more computationally efficient than what is normally achieved with discrete-velocity approximations. The variation of the discrete-ordinates method [14] we use in this work was developed in Ref. [13] , and so we can make use of that material now to solve our G problem that was formulated in Section 2. We thus approximate the integral term in Eq. (24) by a quadrature formula and write our discrete-ordinates equations as
for i = 1, 2, . . . , N. In writing Eq. (45) we have taken into account the fact that the 'characteristic function' Ψ (ξ) is an even function. In addition, we clearly are considering that the N quadrature points {ξ k } and the N weights {w k } are defined for use on the integration interval [0, γ]. We note that it is to this feature of using a 'half-range' quadrature scheme that we partially attribute the especially good accuracy we have obtained from the solution reported here. Seeking exponential solutions, we substitute
into Eq. (45) to find
where I is the N × N identity matrix,
the superscript T denotes the transpose operation, the elements of the matrix W are
If we now let
then we can eliminate between the sum and the difference of Eqs. (47) to find
Multiplying Eq. (52) by a diagonal matrix T , we find
and X = T MU.
As discussed in Ref. [13] , we can define the elements t 1 , t 2 , . . . , t N of T so as to make V symmetric; and therefore, since V is a symmetric, rank-one matrix, we can write our eigenvalue problem in the form
where λ = 1/ν 2 and
We note that the eigenvalue problem defined by Eq. (57) is of a form that is encountered when the so-called 'divide and conquer' method [25] is used to find the eigenvalues of tridiagonal matrices. In addition, we see from Eq. (53) that, because of the way our basic eigenvalue problem is formulated, we must exclude zero from the set of quadrature points. Of course to exclude zero from the quadrature set is not considered a serious restriction since typical Gauss quadrature schemes do not include the end points of the integration interval.
Considering that we have found the required eigenvalues from Eq. (57), we impose the normalization condition
so that we can write our discrete-ordinates solution as
where the arbitrary constants {A j } and {B j } are to be determined from the conditions placed on the solution, and where the separation constants {ν j } are the reciprocals of the positive square roots of the eigenvalues defined by Eq. (57). It is clear from Eq. (60) that we cannot allow any separation constant to be equal to one of the quadrature points. At this point we find it convenient to modify slightly the discrete-ordinates solution reported in Ref. [13] . We note that problems based on Eq. (24) are conservative since
and so we expect that one of the eigenvalues defined by Eq. (57) should tend to zero as N tends to infinity. We choose to take this fact into account by explicitly neglecting ν N , the largest of the computed separation constants {ν j } and, subsequently, by writing Eq. (60) as
Of course, the constants A, B, {A j } and {B j } that are present in Eq. (62) must now be fixed so that G(τ, ±ξ i ) satisfies the condition at infinity and the boundary condition listed as Eq. (25) . To keep G(τ, ±ξ i ) bounded we set all the B coefficients to zero, and so we obtain
Upon substituting Eq. (63) into Eq. (25) evaluated at the N quadrature points {ξ k } we obtain the N × N system of linear algebraic equations we solve to define the constants in Eq. (63). In this way the solution G(τ, ±ξ i ) is established. Finally we use Eq. (63) in Eqs. (27) and (33) to obtain
We note that in obtaining Eq. (64) we have integrated the first term in Eq. (63) analytically, but the defined quadrature scheme was used to integrate the remaining terms.
Numerical results
The first thing we must do is to define the quadrature scheme to be used in our discreteordinates solution, and, since we have considered three different cases, to which we refer as case 1, case 2 and case 3 while meaning respectively, the BGK model, the Williams model and the rigid-sphere model, we have used three different maps. For case 1, we used the transformation
to map ξ ∈ [0, ∞) into u ∈ [0, 1], and we then used a Gauss-Legendre scheme mapped (linearly) onto the interval [0, 1]. For case 2 and case 3 we simply mapped the GaussLegendre scheme onto, respectively, the intervals [0, 1] and [0,π −1/2 ]. Having defined our quadrature schemes and in developing a FORTRAN implementation of our solution, we found the required separation constants {ν j } by using the special numerical package DZPACK [26] that was developed to take advantage of the special structure of Eq. (57) to solve our eigenvalue problem. The required separation constants were then available as the reciprocals of the positive square roots of these eigenvalues. We then used the subroutines DGECO and DGESL from the LINPACK package [27] to solve the linear system obtained when Eq. (63) was substituted into Eq. (25) evaluated at the quadrature points, and so the solution was established.
Finally, but importantly, we note that since the function Ψ (ξ) given by Eq. (23) can, for case 1 and case 3, be zero from a computational point-of-view, we can have some, say a total of N 0 , of the quadrature points {ξ i } equal to some of the separation constants {ν j }. Of course this is not allowed in our solution, and so, since the quadrature points where Ψ (ξ i ) is effectively zero make no contribution to the right-hand side of Eq. (45), we have simply omitted these quadrature points (and the offending separation constants) from our calculation. In omitting these N 0 quadrature points we have effectively changed N to N − N 0 in some aspects of our final calculation. To complete our work we list in Tables 1 and 2 some results obtained from our FORTRAN implementation of the developed solution of the Kramers problem for the three explicitly considered cases. We note that our results are given with what we believe to be seven figures of accuracy. While we have no proof of the accuracy achieved in this work, we have done some things to support the confidence we have. First of all our results for case 1 agree perfectly with some calculations done previously in a work [28] devoted exclusively to the classical BGK model. Secondly we used the MAPLE V software to evaluate Williams' exact result [3] (for case 2 with α = 1 and in our notation)
to obtain ζ = 0.9670050 which agrees perfectly with our result. In regard to case 3, we found good agreement (once consistent choices of the scale factors were used) with the calculations of Loyalka [8] and Loyalka & Hickey [9] for the slip coefficient and for the velocity defect for the case without specular reflection. We note also that Loyalka [29] has reported finding good agreement, for all three models considered in this work, with our results for the slip coefficient and the velocity defect relevant to the cases of specular reflection listed in our tables. After some rescaling, we have also confirmed the values of the slip coefficient for cases 1 and 2, with α = 1, reported by Cercignani, Foresti & Sernagiotto [30] . Finally we have increased the value of N is our calculation until we found stability in the results. We note that we have typically used N = 100 to generate the results listed in our tables and that the computational time required for our FORTRAN implementation of the solution (with N = 100), for all three cases considered at the same time, is less than a second on a 400 MHz Pentium-based PC. Finally, to have some idea about N 0 , the number of quadrature points not included in some parts of our calculation, we note that using = 10 −14 to decide if an eigenvalue and a quadrature point were the same 'computationally' and N = 100, we found N 0 = 3, N 0 = 0 and N 0 = 8 respectively for the three cases.
Final comments
It is clear that the formalism reported here can readily be used to solve other classical problems, in semi-infinite media and for plane-parallel channel flow, in rarefied-gas dynamics when a variant of the CLF model equation is required to give (perhaps) more realistic results than the standard BGK model can provide. In this regard it is worthwhile to note from our tables that the Williams model and the BGK model appear to provide upper and lower bounds for the rigid-sphere model. This observation (should it be proved to be true) could be useful since the calculations for case 1 and case 2 are simpler to implement numerically than for case 3. Finally we note that Loyalka & Hickey [9] have reported numerical results based on an extended (to two terms) version of the one-term CLF equation, and so this more general model equation would appear to be a good candidate for additional work with the discrete-ordinates method discussed herein.
